In the practical engineering, to answer the small failure probabilities with correlated highdimensional variables, the subset simulation (SS) is combined together with the Monte Carlo simulation and importance sampling (IS) method. The samples from the probability density functions of the importance sampling are used to construct the intermediate failure events, by which the small failure probabilities are turned into a hybrid Markov chain, which is a continuous product made of a series large failure probability or conditional failure probability that is easily answered, on which the structural reliability sensitivity can be efficiently simulated by directly obtaining the samples with correlated ones. Finally, the 3 planetary carriers of 3-stages planetary gear reducer in the earth-pressure-balance shield machine are as illustrative examples to check the algorithm above, the results show that the SS of the IS with correlated variables can highly simulate failure probability and its sensitivity.
Introduction
The correlation between variables distinctly affects the structural reliability and its sensitivity in the real physical structure, therefore, that it is no doubt considering the correlation between them is more practicable when the structural index above is analyzed. Nowadays, the general methods to solve the problems of Reliability Sensitivity (RS) with correlated variables are the transformed method of Monte Carlo [1] and its direct method [2] , the ideas of the former are simple, and the most methods to answer the RS are specifically developed according to the independent variables, they are thus favored by multiple scholars. For the latter, however, it is unnecessary to transform the RS, so it is more direct than the former when we answer the RS, what's more, the most current methods to answer the RS with independent variables can be used to analyze the RS with correlated ones once the correlated samples are obtained, while it is also not difficult to produce. The traditional methods, however, are not suitable to be used to solve the impossible problems that are known as high-dimensional small probability [3] in the reliability engineering field due to lack of precision [4] or low efficiency [5] . Subset simulation (SS) [6] - [8] is a highly efficient reliability analysis method, which is specially put forward for small failure probabilities, it divides the original probability space into a series of subsets which are of gradual inclusion relation by introducing reasonable intermediate failure events, and the small failure probability can be represented by a continuous product of the larger conditional failure probabilities (CFP) than itself which are highly efficiently answered by numerical simulation method [9] . The document [10] proposes the reliability analysis method based on the SS of Markov Chain Monte Carlo(MCMC), since the pre-production samples from the MCMC are premature and the correlation exists in the conditional samples, which influence its efficiency to certain degree. The document [11] puts forward the RS analysis method based on SS and IS with independent variables, it is high efficient and accurate for it inherits the advantages of SS and IS and avoids the disadvantage of MCMC simulation. The paper, therefore, expands the independent variables to the correlated ones on the basis of above analysis, and the partial derivatives of CFP with respect to the distribution parameters of the basic variables are transformed into the partial ones of CFP with respect to the parameters including the correlation coefficient between them, the stochastic samples with correlated variables are directly obtained by the probability density function (PDF) of the intermediate failure events to efficiently estimate the partial derivatives of CFP with respect to the distribution parameters including the correlation coefficient and directly draw out the computational formulae of RS with correlated variables.
Monte Carlo Numerical Simulation for Solving the RS with Correlated Variables
In reliability analysis, structural failure probability can be represented by
here, F denotes the structural failure region. Therefore, the RS with correlated variables can written as
is the indicator function of the failure region F , when
. n R is n-dimensional variable space. The introduced function ) (x h is n-dimensional PDF. In Eq.(2), its mathematical expectation can be resolved by drawing correlated samples from the function ) (x h .
Reliability Analysis based on HMC SS

Basic Principle of MC SS
For the most practical engineering problems, their failure probability is very small, and it is difficult to accept computational expense when we directly simulate them, therefore, Au et al. [3] presented a SS method whose basic ideas are that the small failure probability is expressed as a continuous product of the larger CFP by introducing reasonable intermediate failure events shown in Fig.1 . If the failure domain of performance function (PF) ) (x g is defined as
=0 as a decreasing sequence of the threshold values of failure events
, then the failure events satisfy the following relations,
,and
According to the multiplication theorem and the definition of conditional probability in the probability theory, the failure probability can be defined as the following MC
Define ) (
As can be seen from Eq.(4), obviously, . . . Fig. 1 . Schematic diagram of subset simulation.
Course of MC SS
In Eq.(4), 1 P can be estimated by direct Monte Carlo method, and the conditional failure probability
can be estimated by drawing conditional samples. general, the task of efficiently simulating conditional samples is not trivial [12] .
For the above joint PDF
  are normal distribution, and there exists the correlation between variables, it may be negligible among three or more variables, it can be expressed as
where
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Reliability Analysis Based on HMC SS
Definition and analysis idea of reliability
In the course of using MC SS to analyze the failure probability, the initial failure probability 1 P is firstly simulated by direct Monte Carlo, then the conditional samples are simulated by the IS method, namely, the PDF of the IS method in the each subset is constructed step by step, and we can obtain the PDF of the LSE, finally reach the estimate value
of each CFP, so the Eq.(3) of the continuous product constitutes a HMC, namely, the Monte Carlo simulation hybridize with IS method. Since the method does not need to select the proposal distribution of MC, the correlation between conditional samples can be avoided to some certain, which increase the efficiency of drawing samples and the robustness of the method. When analyzing the reliability by the SS and IS, the CFP is calculated by the following formula.
If the mathematical expectation ] [ E is estimated by the samples mean, then the estimated values of the CFP are
Implementation mechanism
During the course of HMC SS, it is critical that how to select the intermediate failure
 that are of containment relationship step by step to reduce the total samples. For the levels l and the sampling points i N of every level, if one decreases, the other will necessarily increases, therefore, the following compromise between them is proposed when the structural reliability is analyzed in the whole region, namely, the conditional probability 0 p (e.g. 0 p =1×10 -1 ) is preset beforehand, the number of the level is adaptively selected according to the practicable need. The concrete courses are as follows which are described in Fig.1 to easily understand and operate them. 2) We can get the corresponding response values  
after all samples are substituted into the PF ) (x g , and they are sorted in the decreasing order. Define 
, the failure probability ) ( 
, then the estimated value ) ( 
5) Repeat steps (3)～(4) until the response value of the
. After the position is found that is closest to 0 and ≥0, suppose
is still computed according to Eq.(10).
6) Compute the estimated value of the structural failure probability
As can be seen from the above process, the SS based on HMC is not subject to variable dimensions and the nonlinear degree of LSE, so it is very suitable for the highly nonlinear small failure probabilities.
RS Analysis Based on HMC SS
The RS refers to the partial derivatives of failure probability with respect to the distribution parameters of the basic variables. The basic ideas of the RS based on HMC SS are that the sensitivity of the failure probability f P is transformed into the sensitivity form of a series of CFP by using the method that f P is expressed as the continuous product of a series of CFP through HMC SS, and then it is estimated by the conditional samples.
According to Eq.(4), the partial derivatives of failure probability f P with respect to each design variable k x  concluding the mean, variance and coefficient of variation are defined by
Here,  denotes the whole variable space, the expectation of Eq. (12) is
where, the conditional probability of the conditional samples
The partial derivatives of Eq.(16) with respect to
The following formula are drawn after Eq.(16)～(17) are substituted into Eq.(15)
Eq. (18) is recurrence formula for j P and
are the conditional probability and its sensitivity, respectively, so we can answer
by using the correlation information of the foregoing
is the normal distribution of Eq. (7), the analytical answers of 
In essence, the above analysis process follows the following hypothesis that the IS PDF of the probability sensitivity analysis is identical to that of the failure probability. However, there exists a theoretical difference between them, because the points that contribute to maximizing the failure probability do not always fully coincide with those points that do the probability sensitivity. But the difference is negligible when roughly analyzing them, namely, the IS PDF who estimates the failure probability is applied to estimate the probability sensitivity to achieve the high efficiency of drawing samples.
Illustrative Examples
For the 3-stage planetary gear reducer (whose type is 2K-H) of some earth-pressure-balance shield machine, whose input torque s T is 1489 N.m. The material of the carriers is alloy cast steel ZG42GrMo, whose yield strength s  is 400 MPa. The basic variables involved in design course are shown in Table 1 and Table 2 , the correlated coefficient between variables is set to 0.7. The carriers are as examples to check the precision and efficiency of the proposed method. 
Assumed Conditions
The resultant force F of both the normal force 1 n F between planetary gear and inner gear and the normal force 2 n F between it and sun gear acts on its base circle, which causes the stresses in its base circle to generally distribute in semi-cosine formation [13] . Because force F eventually acts on the planet carrier by the axle of the planetary gear, and the connection between planetary gear and its carrier is locked by interference fit and positioning bolt, the types of the force that acts on the carrier (e.g. alternation and impact) are similar to those of the force that acts on the base circle of the planetary gear. To eliminate the adverse effects on the carrier resulting from the additional stresses and to simplify the analysis process, the following supposed conditions are proposed. 1) The distribution form of the stresses around the axle hole of planet carrier is also semi-cosine. 2) The planetary axle is rigid, that is the axle isn't deformed by force, by which the additional stresses aren't caused around the axle hole.
3) The impact of unbalanced load isn't considered. Namely, it is considered that the force which acts on the bilateral walls is always equal, and their thicknesses are also same. 4) The distribution forms of all variables are normal.
Basic Variables
For any axle hole of the planetary gears in the carrier, the stress depends entirely on the arc area when the force that acts on the carrier is invariant, while it is only relevant to the radius of the planetary axle R and the thickness of the carrier B .The basic variables, thereby, are
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Mechanical Models
The base circle of planetary gear O u te r e n g a g e m e n t li n e
In n e r e n g a g e m e n t li n e F between it and sun gear are tangential to its base circle, whose resultant force passes by the centre of the planetary gear and is perpendicular to the centerline y-axis. The force that acts on the planetary gear is shown in Fig. 2 .
As can be seen from Fig. 2 . For the entire carrier, as can be seen from Fig.3 , the stress of point A is maximal, so the point A is just the most dangerous point. For point A , when fully considering the safety margin, according to the stress-strength interference theory, the PF whose stress is in the form of LSE is represented by
where,
S , F , R and B refer to the allowable stress of material, safety coefficient, the force of planetary gear, the radius of the planetary axle and the thickness of the carrier unilateral wall, respectively.
Results Analysis
The results and sample size that analyze the carriers with the present method and MCS, respectively, are summarized in Table 3 . As known from it, the efficiency of the proposed method is higher than that of the MCS.
To confirm the stratification, as described in Fig.1 , which the subsets simulate the failure probability, for the failure simulation of the 1～3 carriers, the samples that simulate every failure subset are clearly shown in Fig.4～Fig .6, which can perfectly prove that the proposed method does simulate the failure probability by resorting to stratification subsets which are formed by the samples from Monte Carlo and the IS method. For the every optimal design point of the 1～3 carriers, after the RS of the corresponding structure is analyzed with the present method and MCS, respectively, the results are summarized in Table 4 . As can be seen from it, the proposed algorithm can highly simulate the structural RS.
For the every optimal design point of the 1～3 carriers, after the RS of the corresponding structure is analyzed with the present method and MCS, respectively, the results are summarized in Table 4 . As can be seen from it, the proposed algorithm can highly simulate the structural RS.
Conclusions
1) When analyzing the reliability and its sensitivity of the structure, the paper adopts the mode of stratification and transforms the small failure probability into a series of continuous product of the large CFP, which enhances the efficiency of solving the problem. Moreover, the course isn't subject to the variable dimension, so it is suitable to answer the small failure probabilities in high dimensions. 2) Although the normal distribution is exampled to illustrate the algorithm in this paper, for the non-normal variables, only when the corresponding PDF is substituted into the function ) (x f instead of the variable-normalized transformation can they be solved. It is also adaptive to analyze the reliability of nonlinear implicit LSE. 3) In the paper, the reliability and its sensitivity are analyzed by directly sampling mode, by which can avoid the trifle resulting from the operation that the corrected variables are changed into independent ones. The examples show that the HMC which the SS is combined with direct Monte Carlo and IS approach together can highly simulate structural reliability and its sensitivity.
